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^■j , We consider the initial boundary value problem of non- homogeneous stochastic heat equa- 

■ tion. The derivative of the solution with respect to time receives heavy random perturbation. 

The space boundary is Lipschitz and we impose non-zero cylinder condition. We prove a reg- 
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Lemmas are as important as the main Theorem. 
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^ ! 1 Introduction 



We study the following initial boundary value problem: 

du(t, x) = (Au(i, x) + f(t, x))dt + g(t, x)dw t , (t, x) G (0, T) x D, 

u(t, x) = b(t, x), (t, x) G (0, T) x dD, (1.1) 

u(0, x) = uq, x G D, 

where D is a bounded Lipschitz domain in K ra and {wt(ui) ■ t > 0,u G £1} is a one-dimensional 
Brownian motion with a probability space il. Any solution of (11.11) depends not only (t, x), but also 
uj. We investigate the regularity of the solution of (jl.ip in (t, x) for each u. 

If g = 0, the problem is deterministic and the theory has been well-developed. For instance, 
[5] considered the problem when I? is a bounded C 1 -domain and [T] and [2] studied the problem 
when D is a bounded Lipschitz domain. Later, [5] developed a theory using anisotropic Besov 
spaces. However in our paper, as we let g ^ 0, we deal with a stochastic heat equation. This 
job is nontrivial. Viewing the heat equation in (jl.ip as u t (t,x) = Au(t,x) + f(t,x) + w t g(t,x), 
we notice that our equation includes an internal source/sink with the white noise coefficient. The 
(probabilistic) variance of the random noise wt, t G (0,T) is not bounded. Moreover w tl and ibt 2 
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are independent as long as t\ ^ t^. Thus, we do not expect good regularity in time direction since 
the solution keeps receiving the white noises along the time variable. An L p -theory of the Cauchy 
problem (D = W 1 ) was established in [TJ] and since then the initial boundary value problem with 
zero boundary condition is studied by many authors (see, for instance, [14], [T5], [TT], [10], [17] and 
references therein). In this paper we allows the space domain to be Lipschitz and the boundary 
condition can be non-zero. Moreover, when we do not require the high regularity in x, we consider 
the joint regularity in (i, x) using anisotropic Bcsov spaces. The usage of anisotropic Besov spaces 
is natural with the deterministic heat equation. 

Having said that, let us find a formal solution of (jl.l|) ; this will be a unique solution in an appro- 
priate space. Firstly, extend u$ on R n , / and g on (0,T) x K n (see Section [3] for the mathematical 
details on these extensions). Let ubea solution of the Cauchy problem, i.e. D = R", consisting of 
()1.1[) with the extended u$ as the initial condition. Let h denote the Fourier transform of a function h 
in 1". Taking Fourier transform in space on the equation, we have a stochastic differential equation 
for each frequency (el™, 

dfi(t,0 = Ht\ 2 v(t,0 + /(t,0 )dt + g(t,Z)dw t . 

Putting the terms with v together in the left hand side, we get 

d (v(t, £) el«l 2 *) = e^ 2t f(t, $dt + e^ 2t g(t, ®dw t 

and hence 

v(t,0 =e-l«l 2 ^ (0+ f e- mt - s) f( Sl Ods+ f e -l«l a (*-*)$( 5 , $dw s . 
Jo Jo 

Taking the inverse Fourier transform, we obtain 

v(t, x) = (r(t, ■) * x u )(x) + /„*( r(t - s, ■) * x f(s, •) )(x)ds 

(1-2) 

+ / '( T(t - s, •) * x g(s, •) )(x)dw 8 , t > 0, x e R n , 
where T(t,x) := — ^—n-e~^~ It>o is the inverse Fourier transform of e - ^' t It>o and * x denotes 

(47T"£) 2 

convolution on x. We restrict v on f2 x (0,T) x D. Secondly, we find the solution h = h(ui,t,x) of 
the following simple (stochastic) initial-boundary value problem: 

( h t (oj,t,x) = Ah(u,t,x), (oj, t, x) e Vt x (0, T) x D, 

< h(u,t,x) = b(w,t,x)-v(u),t,x), (oj,t,x) e fl x (0,T) x dD, (1.3) 

h(w, 0, x) = 0, oj e ri, x G D. 

Then one can easily check that u = v + h is indeed a solution of (jl.l[) . Since information of h is well 
known, the estimations of three parts of v in (jl.2p are important to us; especially the third one, the 
stochastic integral part. 

We are to find a solution space for u and the spaces for /, g, b, uq so that the restriction of the 
three terms in the right hand side of (|1.2[) on 51 x (0, T) x D and h belong to the solution space and 
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moreover u is unique in it. We use two types of spaces in this paper; spaces of Bessel potentials and 
Bcsov spaces. 

In this paper we let n > 2, < T < oo, and D be a bounded Lipschitz domain in R™. Denote 

D T := (0, T) x D, dD T := (0, T) x dD, R£ := (0, T) x R". 

Also, we assume 2 < p < oo instead of the usual deterministic setup 1 < p < oo ; this restriction is 
due to the stochastic part in (jl.lj) (see [13]). The main result in this paper is the following. 

Theorem 1.1. Let 2 < p < oo and | < fc < 1 + ±. Assume f G Bp7, 2 ' 5(fc_2) (£> T ), .9 € 
Bj-^Dr), 6 G B^'^'^&Dt) and u G LP(n,g ,Up~* (£>)). // | < fc < 1 + I we /urtter 
assume the compatibility condition uq(lo,x) = &(w,0,x) for lu G f2 ; x G <9I?. TTien 

(%) if < k < 1, there is a unique solution u G B p ' 2 (-Dt) o/ i/ie initial boundary value problem 
(jl.lj) sucft fftaf 

IMI fc.Afc, , <C(||U0|| fc-l +II/H fc -2,l(fc_2), 

B P 3 (fr) V L"(Q,g 0l U P P (D)) B p , ' l '(Z» T ) ^ ^ 

+ ll ff k-. 1 (i>r) + ll\*-i.*(*-J) (flflr) )« 

where c depends only on D,k,n,p,T. 
(2) if I < k < 1 + \, there is a unique solution u € M^{Dt) of the problem (jl.lj) such that 

ll«lli*(£» T ) < c (ll w oll k-3, +11/11 1-2.1^-2), 

Lv(n,g ,u p "(D)) "b p ,° '(D T ) , x ^ 



p -° K T > b., p 3 p / 



(S£) T ) 

where c depends only on D, k,n,p,T . 

The explanation of spaces and notations appearing in Thcorem ll.il is placed in Section [5J 

Remark 1.2. 1. In the part (1) of Theorem \l.l\ we estimate the regularity of u in (t,x) simulta- 
neously using anisotropic Besov norm whereas in part (2) we focus on the regularity in x. As we 
mentioned earlier, the regularity in time is limited while the one in space is not. 
2. If g = and uq = 0, then (1) of Theorem ] 1.1\ coincides with JSjj. 

We organized the paper in the following way. Section [5] explains spaces and notations. In Section 
3 we place main lemmas and the proof of Theorem 11.11 The long proofs of some main lemmas are 
located in Section [H [SJ [5] and [JJ 

Throughout this paper we denote A B when there are positive constants ci and ci such that 
C\A < B < C2A. Also, A < B means that there is a positive constant c such that A < cB. All 
such constants depend only on n, fc,p, T and the Lipschitz constant of dD. We use the notations 
a V b = max{a, b}, a A b = min{a, b}. 
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2 Preliminaries 



Throughout this paper we let (fi, G, {Gt}, P) be a probability space, where {Gt \ t > 0} be a filtration 
of cr-fields Gt ^ G with C/q containing all P-null subsets of il. Assume that a one-dimensional {Gt}~ 
adaptcd Wiener processes w. is defined on (Q,Q,P). We denote the mathematical expectation of a 
random variable X = X(u>), co G f2 by E[X] or simply EX; we suppress the argument uj G f2 under 
the expectation 12. 

For fc G R let Hp(M. n ) be the space of Bessel potential and B*(R n ) be the Besov space (see, 
for instance, [3], [ID])- For later purpose we place a definition of Besov spaces. Let /(£),£ G R™ 
denote the Fourier transform of f(x),x G R" and the space iS(R ra ) denote the Schwartz space on 
R™. Fix any € <S(R") such that $ satisfies > on § < |£| < 2, <£(£) = elsewhere, and 
X^-oo ^(2 ■ 7 = 1 f° r C 7^ 0. We define cj>j and ^ so that their Fourier transforms are given by 



=0(2-^) (i = 0,±l,±2,...) 

vte) =i-E°ii?(2- j e). 

Then we define the Besov space B%(R n ) = B$ >p (R n ) by 

OO 

B k p (R n ) = {feV(R n ) I ||/|U,:=||V*/ll^+[E( 2fej 'H^*/IW P 

3=1 

where 2?(R") is dual space of Schwartz space and * means the convolution. 

2.1 Spaces for D, dD and (0,T) 
When fc > 0, we define 

Hp( D ) '■= {P\d I -P 1 e Hp (R™)}, 
with the norms 



< 00 }, 



:= {flu | F G Bp(R")}, resp. 



(2.1) 



l/l 



:= inf IIFI 



resp., 



where the infima arc taken over F G fl£(R n ) or F G S™(R n ) satisfying F| D = /. We also define 
B% (D) as the closure of C* C °°(D) in 

Remark 2.1. Lei &o 6e a nonnegative integer. Then the followings hold. 
(1) 



II fll p 

11 J "m°(D) 



LP(D) 



O<\0\<k o 

where D? = • ■ • £>£» for /3 = (fa, j3 2 , ■ ■ ■ , (i n ) G ({0} U : 
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(2) Fork£ (fc 0) fc + l) 



iff « II fir +y f f lD " f{x) - Df>mp dxay 



TTie spaces B k (dD), k £ (0, 1) are defined similarly. 



\P\=kt>- 

■ p [dD), fcG (0,1) are de/^r 

(5) Let k = ko + 9 with 9 £ (0, 1). TTien £/ie space B k (D) satisfies the following real interpolation 
property {see Section 2 of ^j): 

(Hp (D) , Hp +1 (D))g !P = B*(D). (2.2) 

When k < we define B k (D) as the dual space of B~ k (D) and (D) as the dual space of 
B- fe (B), i.e., = B k (D) = (B- k (D)Y with ± + ± = 1. 

We define H^ k (0,T), B*(0,T) and B* o (0,T) similarly. 

Remark 2.2. By ifte subscript o in B k Q (D) (k < 0) we mean i/tai i/ie natural extension of any 
distribution in this space vanishes outside D in the following sense. Let h £ Bp Q (D) = (B~ k (D))* . 
We define the extension h £ B k (R n ) of h by 

< h,$ >:=< h,$\ D >, $eB- fe (M™); 

note that by the very definition of B~ k (D) we have <&\d £ B~ k (D) and < h, $>\d > is well defined; 
here the condition that D is Lipschitz is used. Then for any <£> with its support outside D, then 
< h, <£> >= 0. This means that h vanishes outside D. A similar reasoning says that the extension of 
any distribution in B k (D) may not vanish outside D and hence we do not add the subscript o. 

For the initial condition uq we need 

f B$(D), k>0, 
U k {D):={ \ (2.3) 

2.2 Spaces for D T , dD T 

k -k 

For k > we define the anisotropic Besov space Bp 2 (Dt) by 

B k p ^{D T ) :=BP((0,T);B p fc (B)) D IP {i); B/ ((0, T))^ (2.4) 

with the norm 

ll/ll :=( [ T \\f(t,-)F BHD) dt) Lp + ( [ \\f(;x)\\ p k dx)', (2.5) 

k 

where Bp ((0,T)) is defined similarly as in Section HO] we also define 

B k J k (D T ) = LP((0,T);B p fc o (^)) nLP(^;B| o ((0,T)) 

with the same norm (|2.5I) . 

For k < we define B k ^ k (D T ) = (B~ k, ~^ k (D T ))* and Bp'J k (D T ) = (B^ fc '~^ \D T ))* with 

i + i = l. 

p i 

We define B k ^ k (dD T ), B k ') k (dD T ), k £ (0, 1) similarly. 
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2.3 Stochastic Banach spaces 

The solution u and functions /, g, b, uq in are all random. Using Sect ion \2 . 1 1 and [2~2l we construct 
the spaces for them. We describe two types of spaces. The first type emphasizes the regularity in x 
whereas the second type does the regularity in t, x together. Again, let k £ R. 

We can consider u, /, g, b as function space- valued stochastic processes and hence (f2 x (0, T),V, 
P ^((0, T})) is a suitable choice for their common domain, where V is the predictable a- field 
generated by {Gt '■ t > 0} (see, for instance, pp. 84-85 of [12]) and £((0,T]) is the Lebesgue measure 
on (0,T). We define 

H£(RJ) = L p {n x (0,T),V,H^{R n )), l£(RJ) = L p {n x (p,T),V,B$(R n )) 

and the norms 

H/||lH*(BL£) = (E / ll/(s,-)!lff pfc(R ") ds ) II/IIb*(MJ) = / ||/(s,-)ll|*(R»)*»V 

*/ w 

; we suppress cu in /. Similarly we define 

M k p (D T ) = L*(Slx (0,T],V,H*(D)), M k p (D T ) = L*(JJ x (0,T),V,B k (D)), 
M k Pt0 (D T ) = IS(Qx (0,T),V,B k iO (D)). 
We also define the stochastic anisotropic Besov spaces 

M^ k (D T ) = L p (fl,g,Bp' ik (D T )), M p ^ k (dD T ) = L p (ft,£, B k p ¥ \dD T )) 

with norms 

- { Em :^y • m <^, = (w^j • 

Similarly we define Bp;l fe (L> T ) = L p (fl, Q, B p 'J k (Dt))- 

3 Lemmas and Proof of Theorem 11.11 

In this section we estimate the three terms of (|1.2[) and prove our main theorem. 

For I < 0, if ft £ B l po (D) = (B~\D))* , then we define ft € B£(R") as the trivial extension of ft 

by 

< ft, <£>:=< ft, 4d >, ^GB-'fl"), (3.1) 

; note llftHs^) « HftHs^ o( d) ■ For / > 0, if h e B l p (D), then we define ft e B l p (R n ) as the Stein's 
extension of ft with ||ft||.B»(R») ^ II^IIb£(d) ( see section 2 of [7] and Chapter 6 of pj5]); this extension 
is possible since our space domain D is at least Lipschitz. Recall the definition oiU l p {D) in (|2.3[) . 
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Lemma 3.1. Lei < k < 2. We assume uq(u>, ■) € U v p (D) for each u> £ fl. Let uq denote the 
extension of uq (trivial or Stein's). For each (u,t,x) G 51 x (0,T) x R™ define 

<u {LJ,-),T(t,x- •) >, ifO<k<l, 
vi[u,t,x) := <( (3.2) 
J Rn T(t,x-y)u (uj,y) dy, if ~ < k. 

k -k 

Then v\(ui, •, •) € -Bp' 2 (My) for each u> and 

||«i(w,v)ll ^ <c||«o(w,-)|| , ^e^, (3.3) 

B P 2 (By) W p p (15) 

where c is independent of u andu). 
; the proof is presented in Section |4l 

For < k < 2 and ft = h(t,x) G B^ 2 ^ 1 (D T ) we define ft G £?p~ 2 '^ fe_1 (R™ +1 ) by 

< M >:=< M|z*r >> ^ G Bg _fc,1_ ' fe (R" +1 ). (3.4) 
In this ease ll*^..**-^ « IWI^*-^- 
Lemma 3.2. Let < k < 2 and f G Bp^ 2 ' 5fe ~ 1 (£>T). Define 



«2(w, t, x) :=< /(w, ■, •), r(t - ■, a- - •) > . (3.5) 



Tften v 2 G Bp = fc (R^) and 



» U2 »b^( R? ) * c »%.«*-w (3 - 6) 

; the proof is in Section [SJ 

Before we estimate i> 3 let us place the following lemma which is Exercise 5.8.6 in [3J: 
Lemma 3.3. Assume that Aq and A\ are Banach spaces and that 1 < p < 00, < 9 < 1. XTien 

(L p (^o),i P (A))e,p = L P ((A , Ai)e iP ), 
where (-,-)e,p * s a rea ' interpolation. 

If < fc < 1, then for 5 = g(u,t,x) G 1*- X (D T ) we dehne 5 G l^- 1 (R n+1 ) by 

<ff(w,t,O,0>:=< fl (w,t,.),0|D T >, ^G^- X (R") (3.7) 

and, if k > 1, we define i, ■) G _Bp _1 (R ra+1 ) by g(w, t, x) = g(u>, t, x) for x £ D and g(w, t, x) = 
for x G R" \ D. Then we get || <?ll B £- 1 (R™+i) ~ IMIbJ- 1 ^)- 



Lemma 3.4. Let k > and g G Bp~ 1 (D T )- Define 

!J Q < g(s,-),T(t - s,x - •) > dw S7 if < k < 1, 
(3.8) 
Jo fmr.T(t- s,x-y)g(s,y)dy dw s , if l<k 

;we suppressed ui. Then v 3 G Bp(RJ) wii/i 

II«3||ibj(h») < c||ff IIbJ-HDt)- ( 3 ' 9 ) 
Proof. Apply the result in [T^j and Lemma T3. 31 □ 



For e G (0, 1) we let = | + |e, p = | — ^e. We say that (A, fc) G lZ e if a and p are numbers 
satisfying one of the followings: 

1. po < p < p' if < k < 1, 

2. l<p<po if |-l-e<fc<l, 

3- Po < P < oo if < k < | + e. 

Lemma 3.5. There is a positive constant e G (0, 1) depending only on Lipschitz constant of dD 
such that if (±,fc) G K e , then for all b' G Mp'' k (dD T ) with bf(u,0,x) = for lo G Q,x G dD if 
k > |. TTien i/iere zs a unique solution h G B p p 2 2p (-Dt) of ^ e problem in £1 x Z?x twi/i 

boundary value b' in place of b — v and h(uj, 0, x) = /or w G f2, x G D and it satisfies 

INI HiiHf <c||6'|| • (3.10) 

If D is a C 1 -domain, then we can take e = 1. 

Proof. Apply [T], and [6] for each wgf!. □ 
We need the following restriction theorem from 0]: 

i i — k 

Lemma 3.6. Let A < k < 1 + -. Then for any h = h(t,x) G B p " 2 (Rj.), we Ziaue ft.|ar> T G 
B k ~^ k ~^{dD T ). 

The following lemma for the stochastic part v 3 in (II .2[) is important and we elaborate the proof 
in Section [S] and [7J 

Lemma 3.7. Assume 2 < p < oo. 

fij Let | < fc < 1 and <? G Bp~ 1 (Dr). Then 773 defined for such k in Lemma \3.4\ belongs to 
Bp 5 fc (R«) an d 

INU^, RrM < c||<7|| b £- 1(Ct) . (3.11) 
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(2) Let 1 < k < 1 + | and g £ B^-^Dt). Then v 3 defined for such k in Lemma \3.4\ satisfies 

^ dDT Kl-^ ik -^(OD T) - c ^kro\D T ) ( 3 - 12 ) 

By Lemma RP1 - Lemma T3. 71 the proof of Theorem 11.11 follows . 

Proof of Theorem 11.11 Recall the derivation of the solution u = v + h in Section [TJ 

(1) By Lemma 13 - 1 1 13.21 and Lemma 13.71 (1), the (random) function v :~ vi + i> 2 + v 3 is in 

B p ' 2fc (RJ); note that the definition of u\ in Lemma [3.11 is different by the cases k £ (i, ~) and 

k £ [-, 1). Moreover, we choose the definition of u 3 in Lemma |3~4"1 for k £ (-, 1). Now, using Lemma 

fe_i.ife_j_ k i k 

13.61 for each to £ f2, we have b 1 := b — v\gjj T £ B p p 2 2p (ODt)- Let 1/4 € B p ' 2 (Z?t) be the unique 

solution of the problem (|1.3[) which does exist by Lemma |3~51 Then u := v + h is a solution of (jl.lj) 

and the estimate (|1.4[) follows (|3.3p , (|3.6p , p. lip and (|3.10p . The uniqueness of such u follows the 

theory of deterministic heat equation. 

(2) Set v as in (1) by choosing the appropriate definitions of v\, v$ when k £ [1,1 + -). Then 

k ifc 

proof is similar to the case (1). However, this time we can not have v% in B p ' 2 (RJ) although it is 
in Bp(RJ.) by the Lemma T3. 41 Hence, we have v is in Bp(Ry) as Vi, V2 are trivially in B£(R£) (see 
(|2.4p ). Nevertheless, by using Lemma 15771 (2) we still have b' £ B p p ' 2 2p (ODt)- By choosing V4 as 
before in B p 2 (-Dt) and hence Bp(RJ), we have a solution of (jl.ip in Bp(RJ) and the estimate (|1.5p 
follows (JSTJ, (EU), (j3~T2]) . (j3~T0| with (HU). The solution is unique. □ 

4 Proof of Lemma 13.11 

We believe that one may find a proof of Lemma 13.11 is in the literature. However, we can not find 
the exact reference and, hence, we provide our own proof. We start with a lemma for multipliers. 

Lemma 4.1. Let $(£) = c/>(2 _1 £) + <fi(£) + (f>(2£) with <fi in the definition of Besov spaces, = 
^?(2^^), and Ptj(0 = ^j{0 e f or sach integer j. Then ptj{£,) is a L p (BL n ) -multiplier with the 
finite norm M(t,j) for 1 < p < oo. Moreover for t > 

M(tJ)<e~i t22j £ ^2 2 ' y ' <e-* t223 . (4.1) 

0<i<n 

Proof. The L p (R™)-multiplier norm M(t,j) of ptj(0 is equal to the L p (R ra )-multiplicr norm of 
p' tj (£) : = $(^)e-' 22j| « |2 (see Theorem 6.1.3 in [3]). Now, we make use of the Theorem 4.6' of pj5]. 
We assume /3i,/?2, • • • = 1 and fa = for I + 1 < i < n, and set (3 = , /3 2 , • • • ,/3 n ). Since 
supp ($) C {£ £ R" | \ < |£| < 4}, we have 

I^Py(£)l< E ^ 2 «e-^ 223 X|<|€|<4 (0, 

0<i<|^| 

where is the characteristic function on a set A. Hence, for A = Y[i<i<i[^ ki > 2 fei+1 ] we receive 



0<i<n 
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□ 



Below u is the extension of u^; note u (uj, •) G B p p (R n ) for each uj G fl. The following lemma 
handles the case k = 0. 



Lemma 4.2. We /lave 



IMw)||l!>(r™) < c ||mo(w)|| _i , oj e f2, 

S P p (K") 



(4.2) 



where the constant c is independent of Uq andoj. 



Proof. We may assume that u G C§° (R") since qf(R n ) is dense in B p p (R"). We use the dyadic 
partition of unity V'(C) + Y^Li ^(2 _:, £) = 1 for £ G R n , so that we can write 



3 = 1 



For t > we have 

J R » M*,2;)| p cte 



P d X . ^ 



The first term on the right-hand side of (|4.3p is dominated by 



*U \\ LP{Rn y 



(4.4) 



Now, we estimate the second term on the right-hand side of (|4.3I) . We use the facts that = ®j4>j 
for all j, where &j is defined in Lemma f4. II By Lemma H. 11 $j(£)e~*^l s are the L p (R™)-Fourier 
multipliers with the norms M(t,j). Then we divide the sum as 



r/.r 



oo 



3=1 



(7,r 



<( E ^(*.j)l|fio*^IUp) +( E M(t,i)||u *^|| £3 

2 2 J<l/t 2 2 J>l/t 

=:/i(t)+/ 2 (t). 



By Lemma T4. II we have M(t,j) < c for t2 2j < 1. We take a satisfying — | < a < and then use 
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Holder inequality to get 

rT 



f h{tfdt<f ( J2 2-^ QJ ) P 1 £ 2^U^u Q \\ p LP dt 

J ° J ° 2 2 J<l/t 2 2 3<l/t 
^° 2 2 J<l/t 

<X) 2W 'H^'*«o||ip / * ipa * 



X 



= 0^2-^11^*^11^. 

By LemmaP again M(t, j) < c(t2 2 i)- m 'EokkJ^Y ^ c 2 { - 2n - 2m ^t n - m for > 1 and m > 0. 
We fix b > and then choose to satisfying p2(n — m) + ip6 + 1 < 0, so that we obtain 



f h{t) p dt< / T ( ]T 2( 2n - 2 "^f i -" l || ( /) J * t i || LP ) P di 

Z" 00 / v p-1 

< J t p{n - m) ( J2 ^ 2 pbj 2 p ( 2n - 2m V\\(f> j *u \\ p LP dt 



2 2 J>l/t 2 2 3>l/t 



/>oo 

< / t P(n-m)+±pb ^ 2 pbl 2 p(2n - 2m)j \\(j) 3 *U \\ p LP dt 

J ° 2 2 i>l/t 
°° />oo 

< 2 P b H' pi - 2n - 2m ^\\4> ] * u \\ P LP / t P(n-m)+ipb dt 

^2- 



OO 

0^2-^11^*^11^. 

3=1 



'2- 2 J 



□ 



Proof of Lemma 13.11 The following is a classical result (see [16] 



' \\ v i( UJ ,t,-)\\ P H2(vin) dt + / lki(w,-,a:)||^ 1(0T) (ix < c||w (a;)|| p 2 _ 2 , wefi. (4.5) 

pK ' JR" " y ' ' B p P (R") 

Using (|4.5[) . Lemma T4. 2 1 and the following real interpolations 

(L p (R n ), H 2 (R"))k p = B k p (R n ), (D>((0,T)),H},((0,T))* tP = s|((0,T)), 

(£?;%"), sr f (R n ))f, P = 

we have 

!l«iMir^„„ = f \\vi{u,t,-)\\ p dt+ j ||« 1 ( Wj . J x)||% ^<c!|«oHH P fc _a • 
s ' 2 (R?) Jo p ^ ; JK" bJ(o,t) S p P (R") 

This implies Lemma |3. II □ 
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5 Proof of Lemma 13.21 



We need the space of the parabolic Bessel potentials. For I £ R the parabolic Bessel potential IL, is 
a distribution whose Fourier transform in R™ +1 is defined by 

fb(r, = Cfc (l + ir+ |e| 2 )~* , r G K, C £ K". 
In particular, if I > 0, then 

! i - n - 2 . x| 2 

q e - ( e ir if t > 0, 

(5.1) 
if t < 

; see |S]. In particular, n 2 = e~ t T, where T is the heat kernel introduced in Section [1] 
For 1 < p < oo we define the space of the parabolic Bessel potentials, H p ' 2 (R n+1 ), by 

H l p ^(R n+1 ) = {/ g <S'(R n+1 ) | n_ ( * / e L p (R n+1 )} 

with the norm 

where * in this case is a convolution in R n+1 and <S'(R™ +1 ) is the dual space of the Schwartz space 
l S(M™ +1 ). Note that if I > 0, we have 

H p ^(R n+1 ) = LP(R;H l p (R n jj n L p (R n ;H^ l (R)j . 

For / > we define 

F^(R») :={/|a- I /eff^'r' 1 )} 

and let H p f{Kf) be the closure of C£°(R£) in H p ^ l (R^). 

For Z < we also define ffp 2 '(Ry) and H p \£ l (MJ},) as the dual spaces of -ff 9 ,o 2 '(My) and 
Hq l '~^ l (Rj,) respectively with ±+i = 1; H P '^(W±) = (H~ l '~^ 1 (R^))* , H l p f(W}) = (^'•"''(HJ))' 

Proof of Lemma 13. 21 We assumed < k < 2 and / £ M p , ' 2 (Dt)- Let / is the extension 
of / on W l+1 . 

1. We just show the case k = 

IMw)||i*(R») < c||/(o;)|| H -2,-i (K „ +1) , w £ Q. (5.2) 

Then the classical result ([16]): 

IKMIIflJ' 1 ^) ^ c II/MIIlp(R" +1 )> w e 
and the real interpolations 

(L p (R™),ij2. 1 (RJ)), j3 = B p ^ k (R%), (iJ- 2 '- 1 (R" +1 ), J L p (R" +1 ))| p = £p~ 2 '' fe_1 (R" +1 ) 
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lead us to 



and (13.61) follows. 



ii^^iIb:-*^^ 611 ^ 11 ^*- 1 ^' (5 - 3) 



i -i 

2. Since C£°(Rj.) is dense in H p \% (R^) even for I < 0, we may assume / is in C£°(Ry). In this 



case the representation 



u 2 (u,t,x) = I F(t- s,x -y)f(u,s,y) dy ds 







T 

u 2 (u), t, x)\ p dxdt 



is legal. Recalling Tl 2 (t,x) = e *r(£,cc), we have 

U 2 (u,t,x) = \ e t ~ s Il 2 (t~s,x-y)f(^,s,y)dyds = e t (Il 2 *g(uj,t,x)), 

JO JR" 

where g(ui, s, y) = e~ s f(uj, s, y). Hence, 

f ( e pt \n 2 *g(uj,t,x)\ p dxdt 
Jo Jr.™ 

<e pT f f \U 2 *g(uj,t,x)\ p dxdt 
Jo Jr" 

< e^||.g(.)||^ 2 ,_ 1(R „ +1) 
<e^||/»||^ 2 ,_ 1(ffi „ +1) , 

where the last inequality follows by 

| < g[u),4>> | = | < />),e-V > | < ||/(w)|| ff - 2 ,-i (R „ +1) ||e-V||^. 1(R n +1) , G H^(W n+1 ) 

and the fact ||e _t ^>|| ff 2,i(- R „+i^ < || <^>|| ^2,1 ^n+i - We have received (|5.2p and the lemma is proved. 
□ 

6 Proof of Lemma [377] (1) 

We only need to prove the case T = 1: 

f f 1 f 1 \v 3 (t,x)-v 3 ( Sl x)\ p ^ 

E L Jo I \t-s\w dsdt dx ~ M LW o^, B ^y ^ 

where g is the extension of g and v 3 is defined in (|3.8I) using g. Then the general case follows a 
scaling argument with the fact that under the expectation we can use any Brownian motion in the 
definition of v 3 and the observation that w r := — y= w ^f r , r G [0, 1] is also a Brownian motion. 
Indeed, let g(ui,r,y), w € O, re [0, T], y € R" be given. Notice that we may assume that g is 
smooth in y. In this case 

v 3 (t,x) = <T(t-r,x — -),g(r,-)>dw r 



/ / F(t- r,x - y)g(r,y)dydw r , te[0,T], xG 
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Define v 3 {t, x) = v 3 (Tt, y/Tx), t e [0, 1] and g(r, y) = g(Tr, y/Ty), r e [0, 1]. Note 
V3(t,x)= / T(Tt- r 1 y/Tx - y)g(r,y)dy dw r 

JO JR" 

= y/T J J (VT) n T(Tt-Tr,y/Tx- y/Ty)g(r,y)dy dw r 
Jo Jm.™ 

By obvious scaling and (|6.1j) we receive 



E f r r ^-:i s ^ p d S dt dx 

Vr-Vo Jo |t-s| 1+ * fc 
Jr»Jo Jo \t-s\ 1+ 2 k 

To dominate (16.21) by \\q\\ p ,„ , . fc ,, ,, we observe the following. Given a smooth function 
f = f(y) define f^(y) = f (y/Ty) . Then for any </> € C °°(R"), ||^|| B i- fc(BB) = 1 with i + | = 1, 



fMvWWv = I f{y)4>^{y)dy 



< T 2 ll/lls^-^R") ll^llsi-^R") 

< r-5||/|| B ,- 1(RTC) ■ Tf (i v r-fd-*)) ||0|| fl x-, (Rn) 

< (lVT-^- fe ))||/|| flpfe - 1(Kn) ; 

see Remark[2l](2) for the second inequality. Hence, H/vfII* »-i (KIl) < (1 VT^ 1 ) ||/||**-i (Kn) . This 
and another simple scaling imply that (|6.2[) is indeed bounded by c||g|P ^> where 

c depends only on p, n, k, T. 

We need two more lemmas to prove Lemma [3.71 (1) with T = 1. The proof of the following 
lemmas are placed at the end of this section. 

Lemma 6.1. Let ± < k < I, p > 2 and g e H* -1 ^). TTiera /or i = -1, -2, . . . we have 

Let Xo and Ai be a couple of Banach spaces continuously embedded in a topological vector 
space and let Yq and Y\ be another such couple. We denote the real interpolation spaces 

Xfl,:=(*o,*i)e,„ ^^(Fq,^)^, < < 1, 1 < q < oc (6.4) 
and the following well known result (see Theorem 1.3 in Q~5]): 

Lemma 6.2. Let T = X^oo ^i, where Tj : X v — > Y"„ are bounded linear operators with norms M i v 
such that Mi }L , < cu) l V > ~ L '>, v = 0, 1, for some fixed w^l and < 9 < 1. Then T : Xg\ — > Yqoo is a 
bounded linear operator. 
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Let us denote Sg := 1)3. 

Proof of Lemma 13.71 (1) 1. As we discussed, it is enough to consider the case T = 1. Recall 
i < fc < 1 and p > 2. Note that the extension g of g is in L p (ft x (0, l),P, B^~ 1 (M. n )). Since the 
random function Sg belongs to Bp(R") and satisfies (|3.9[) (Lemma l3.4[) , to prove (|3.11[) we only need 
to show 

* 1 jf II Wfffi"" ** * 5 <**> 

; see (|2.5p and the time version of Remark |2. II (2). We follows the outline of [S]. 
2. Define the space Y whose element h : X (0, l) 2 x 1™ — ► C satisfies 

- 1 r 1 |MM,*)I P 



\\h\\ P Y :=E[ f f 
JM" Jo Jo 



\t-s\ 



-dsdt dx < 00. 



Let I < ax < k < «2 < 1. Denote 



= zp(Qx (o,!),^^"- 1 ^")), y, = y ^ = 1,2 

and define the operators Tj : A„ — > Y v (i = — 1, —2, . . .) by 

r gg(h,,t |35 )-Sg(h;,»,s) . f 4 , < | | <4l+ i 

T 1 ff(w > t,«,a:) = ^ |t-«|i* -II 

[ 0, otherwise. 

Then, using Lemma 16. 11 we have 

\\Tig\\Y u <2« a »-»\\g\\ Xv , i> = 1,2, i = -1,-2,.... 
As we take 9 = and 7 = 2 Ql ~ Q2 , the norms M itU of the map T { : X v -> y, satisfy 



Note that y^ = y. Hence, by Lemma T6. 2 1 we have 

[gg(t 1 g)- Sfl(*,a:)|*' 

'|t-«|<l [* — S 



E /__ I I '^T^* dsdtdx < rgrxei , (6.6) 



where 

A ei := (LP(nx(Q,l),V,H^- 1 (R n )),LP(nx(0,l),V,H^ 1 (R n ))) ei . 

3. Now, choose fci, k 2 and set 77 € (0, 1) so that 

- < ai < ki < k < < a-2, < 1, fc = (1 — ry)fci + ijk 2 . 
P 

Denote 9^ = , = 1, 2. Then (|6.6I) holds for the quadruples {a\, ki, Q.2,6-1) and (oti, k 2 , a.2, 62) 

By Theorem 3.11.5 in [3] and lemma l3~3l we have 

(X ei i,Xg 2l ) v>p = (L*(fi x (0,l),V,H^-\R n )),LP(^ x (0, l) t V, fl^" 1 ^)))^ 
= L p (fi x (0, 1),7>, (fl^- 1 ^),^ 1 -^")^) 
= £P(Qx (0,l),P,S^ 1 (R ri )). 
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On the other hand define the weights on dn := dPdtds dx by 



1 



!-') „„») 



— — M = l,2, w = Wl 'w 



\t- s \ 1+ i K » 

Then by Theorem 5.4.1 (Stein- Weiss interpolation theorem) in [3] we have 

(L p (n x (0, l) 2 x R",wid7r),L p (fi x (0,1) 2 x R re ,to 2 d7r)) = L p (ft x (0,1) 2 x R n ,wd-!r). 

Hence, we receive ()6.5[) . Lemma T3.7I (1) now follows. □ 

Now, we prove Lemma \6. II We need the followings. Recall that <S(R") is dense in any Bp(M. n ). 

Lemma 6.3. Let I < 0, 1 < q < oo and g G <S(R" ). TTien i/ie followings hold. 

(1) Fort> 0, 



/ / r(i,x - y)g{y)dy 

ji™ it™ 



(%> for f, ft > 0, 



g \ 1/9 
dx) < (l+t*)||s||in(R»). 



(X L ( r (* + M - ») - r (*> ^ - y))g(y)dy dx^j <h(t-'+t^- l )\\g\\ Hl{Rn) 

Proof. (1) Denote JF(h) = /i, the spatial Fourier transform of h. We observe that 

Hnt, •) * g)(0 = (1 + lerV 1 *' 3 ■ m(oa + 
(i+iii 2 )- ,/2 



where m(£) 



i+iei- 



Wc note that to is an L 9 -Fourier multiplier, i.e., the operator T m defined 



by T m (f)(£) = m(£)f(£) is L 9 -boundcd. On the other hand we set 

F'(o = (i + ir')e- t|?|2 . 

Since || J 7 ' 1 ($(y/t£))\\ 1 = ||0||i, we obtain 

\\K% < ll^- 1 (e- t|S|2 )||i + ^||^- 1 ((i|e| 2 )- i e-^l 2 )|| 1 <(l + ^). 

We have 

r(t,-)*g = K t *(T m (I-A)?g). 
By Young's inequality and the multiplier theorem, we conclude that for 1 < q < 00 



T(t,x- y)g{y)dy 



\ 1/9 

dx) <(l+ti)\\(I-A)ig\\ q = (l + ti)\\g\\ WpiRn) . 



(2) We set 



T ((T(t + h,-)- T(t, •)) * g)(0 = (-h\e)(l + \£\- l )e-W 2 ■ 1 * f' • m(0(l + |£| 2 )*?(0, 



where m(£) = ^D-'/ 2 . Note that 1-6 



is the L 9 -Fourier multiplier and the norm is indepen- 



dent of h. Set 

j£T*(fl = (-^| 2 )(1 + |£|-')e- t|£|2 - 
Then we have ||.K' t, ' t ||i < + and the rest is similar to the case (1). 



□ 
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Lemma 6.4. Let | < k < 1. Fix i = -1, -2, . . . and denote A := {(s, i) e (0, 1) x (0, 1) | 4 l < 
t — s < 4 J+1 }. Consider the following operators Tx^T^,T^ which map function defined on (0, 1) to a 
function defined on A-' 



(TJ^t) := J (t-r)*-7(r)dr, 

(T 2 f)(s,t):= [ S (s-r^f^dr, (s,t) e A 

^(s-4 i )V0 
/■(s-4*)V0 

(T 3 /)(M) := / (a - r) fc ~ 3 /(r)dr 



; note i/iai T2/ and T3, in /aci, are independent oft. Then for 1 < q < 00 we have 
\\T m f\\ Lq(Di) < ^4^+^11/11^(0,!), m = 1,2 ; \\T 3 f\\ Ltm < c 3 ^"^D ||/|U, (0 ,i), (6.7) 

where Ci , C2 , C3 are absolute constants. 

Proof. 1. For g = 1 Fubini's theorem gives us 



||Tl/|Ui ( D 4) = T r f [t-r) k - l \f(r)\drdsdt 

J&i J(t-4 i + 1 )V0 

rr+4 i+1 / 

(*-*o fc_1 fy ds 



< I l/MI 

/o 

-i^--4 l(fe+1) ||/|| Ll(0 ,i). 



dr 



fc(fc + l) 



For q = 00 we have 



sup |(Ti/)(s,t)| < ||/||l°°(o,i) • sup / (t-r)*- 1 ^^ • 4 ,fc ||/|| L 



(s,t)e£>i 



(s,t)eDi J a 



=(0,1)- 



Then, by the real interpolation theorem (A, Ao)e,<j = A with the relation - = y + 

\\Tif\\ L « {Di] < C (4*( fc + 1 )) e (4 ifc ) 1 - 9 11/11^(0,1) < c4^+?) ||/|| L , (0il) . 

hence, (|6.7[) for Ti holds . 
2. For q = 1 we have 



1 /-t-4 1 



4* ^(t-4 i + 1 )V0 J(s-4 i )V0 



(s-r)^ 1 |/(r)|drdsdf 



< 



l/MI 



r+4* 



(s-r) 



s+4' + 1 \ ■ 

di ds 

s+4* / 



dr 



< I -4^11/11^(0,1) 



and for q = 00 



sup |(r 3 /)(M)|<||/|| L oc (0il) . sup 



(s,t)eDi 



we get 



(s,t)€Di ./(s-4 4 )V0 



(s - rf- x dr < - ■ 4 to ||/|U^(o,i) 
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By the real interpolation theorem, (|6.7p for T2 holds. 
3. For T3 the proof is similar. Observe that 



1 rt-i 1 

fe-3| 



\T 5 f\\ L i {Di )= / / (s-r)^\f(r)\drdsdt 

Jii J(t_4i+i)v0 J(s-4 i )VO 



II 



(s - r) fc ~ 3 ( / dt ) ds 

r+4 ; \Js+4' / 



r/r 



<_l_. 4 . t ( fe -i) ||/||Li(0ii) ^ 

and 

sup \(T 3 f)(s,t)\ < 11/11^(0,!) ■ sup / ( s _ r )*-3 dr < . 4 i(fc-2) ii/ii^^. 

By the real interpolation theorem, (|6.7|) for T3 holds. □ 
Proof of Lemma 16.11 1. Fix i = —1, —2, . . .. Since 

JR n J J4*<\t-a\<i*+ 1 \t-s\ L+ 2 K 

\v 3 (t,x)-v 3 (s,x)\P 



<2E / / ' U + P fc frdftfa, (6-8) 

7t-4*+i (i-s) 1 + ^ 



we assume t > s. Note that 

v 3 (t, x) - v 3 (s, x) = j l s J Rn T(t -r,x- y)g(r, y)dy dw r 



+ Jo Jr» ( r ( f - r - , a; - 2/) - T(s - r, x - y))g(r, y)dy dw r 



(6.9) 



The right-hand side of (|6.8[) is bounded by the sum of the following quantities (up to a constant 
multiple) : 

, ,1 ,(t- 4 -)vo \f* L n T(t-r,x-y)g(r,y)dydwr\ p 
Jit™ Jo J(t-4'+i)vo (t-s) L+ 2 h 

i 2 = e [ t [ {t ~ 41v0 1 & /r- ( r (* - r ' x - - r (- s ~ r > x ~ sw^r dsdtdx 

Jft" Jo J(t-4' + 1 )V0 - s) 1 + % k 

2. Recall that we assume - < k < 1 and p > 2. 

p f — 

Estimation of Ii By Burkholdcr-Davis-Gundy inequality(BDG) (see Section 2.7 in [12]) Ji is dom- 
inated by, up to a constant multiple, 

eI rr diA-rc-r..- ■»«-., a Mfc (6 . 10) 

Jr« Jii J(t_4'+i)vo (i - s) 1+ 2^ 

Next, by Minkowski's inequality for integrals and Lemma 16.31 (1), the expression (|6.10p is bounded 
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by, up to a constant multiple, 

E f 1 f'- 4 ' (J t s (J Rn \J Rn r(t-r, X -y)g(r,y)dy\Pd X )Ur^ ^ 

A* i(t-4«+i)V0 (t - s) 1+ 5 fc 

< h / — jrr^ rfsdi 

i E. 

< i-'^EfJ'-'^ (fW*IKv)ll« m *)* «. 

Applying Lemma 16.41 with the operator Ti and ^ in place of q, we receive 

h ~ c H-9ll iP (Q X ( 0il ) : -p :ff fc-i( RIl ))- 
Estimation of /2 BDG inequality -Z2 is dominated by, up to a constant multiple, 
^ /■ f 1 f 1 ^ Up I / Rn OX* - r, x - y) - T(.s - r, a - y)dy\ 2 dr)i 

A" A* i(i-4i+!)V0 (< - s) 1 + 5 fe 

/" f 1 / > *~ 4 ' (/(L4Mvol/R"( r ( t " r ' :z: ~y) — T(s — a; — 2/))^(t-, y)dy| 2 d^)§ 
< £- / / / — — -jj dsdtdx 

JR" J A' J(t-4'+!)VO - s) 1+ 2 k 

+ E f f 1 (/o ( ^ 4 ' )V ° I OX* - r, x y) Tjs - r, x - y))g(r, y)dy\Hr) § 

JR" J4' i(t-4 i + 1 )V0 (* - s) 1+ § fc 

= ^21 + -^22- 

By Minkowski's inequality for integrals and Lemma 16.31 (1) the term I21 is bounded by, up to a 
constant multiple, 

/ (J^« ) vo((*-^ 1 + (--r)^||ff(r 1 0ll^ lpi . ) dr)i 

: ■ l+£fc dS ™ 



/4< i(t-4*+!)V0 (* - s) 

(s-rr-T9(r,-)\\l S -i {mn) 
; wc used k < 1. Lemma 16.41 with the operator Ti gives us 



< 4 -i(i+f*)£ /■ r 4 f r ( s . 

J4 ; J(t-4 i + 1 )VO W(g-4*)V0 



^21 < C H-9ll L p(Q x ( 0:1 ) : -p :ff fc-i( RIl ))- 

By Minkowski's inequality for integrals again and Lemma 16.31 (2) the term I22 is dominated by, up 
to a constant multiple, 

(/ (S " 4I)V °(/ Rn I / R « (r(t -r,x-y)- T(s -r,x- y))~g(r, y)dy\Mx)Ur) I 



J 4 > J(t-4'+i)VO (* - s) L+ 2 h - 



< 4-'»( 1 + f fc )£' 



1 r t~i i / ,.(s-4*)V0 \ 2 

/ (*- S ) 2 ( S -r) fe - 3 ||ff(r,-)||^- 1(K „^r dsdt 

4 i J(t-4' + i)V0 Wo P 1 j / 



/•l rt-i i I /.(s-4*)V0 \ 2 
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Then Lemma lU^Il with the operator T3 gives us 

1-22 < C llflll iP ( nx ( 0jl j iP)ff J-l(]gn))' 

3. By the estimations of /i,^ our claim (|6.3p follows. □ 

7 Proof of Lemma S21 (2) 

Again, we just assume T = 1. We start with the following lemmas. 
Lemma 7.1. For < t, r < oo 



|r(t + r,y)-r(r,»)|d» 



< 



*<r, 



1, t>r. 



; this is almost obvious and the proof is omitted. 
Lemma 7.2. Let < 9 < 1, 1 < p < oo. T/ien /or o G H® (D), 

S(yr pe \g(y)\ p dy<c\\g\\ p Heo{D) 



D 



where 8(y) = dist(y, dD). The constant c depends only on p, n. 

Proof. We may assume < 9 < 1. We use complex interpolation of L p -spaces of measures. Let 
d[io(y) = dy and d[ii(y) = 5~ p (y)dy. The complex interpolation space between L p (d/j,o) and L p (d/ii) 
with index 9 is 

(L p (d M o),£ p (^i))[0] = £ p (dM d(i e (y) := S~ pe dy 
(see Theorem 5.5.3 in [3]). Note that using Hardy's inequality, we obtain that for g G H^ {D) 

(Jj(y)- p \g(y)\ p d y y <c(J D \Vg(y)\Pd y y = e\\g\\ H}AD y 
Since (H* j0 (D), L p (D)) [e] = H e p o (D) (see Proposition 2.1 in [7J), we get 

(^J D S~ p9 {y)\g(y)\ p dyj <c\\g\\ {H i o{D) ^ P{D))[e] = c\\g\\ H e^ D y 

□ 

Proof of Lemma HE3 (2) 1. Recall 1 < fc < 1 + | and p > 2. For g G H*- X (.D T ) = 
LP(n x {0,l) 1 V 1 H^- o 1 {D)) 1 we denote <? G i p (0 x (0, 1),V, H^~ 1 (W 1 )) by g(u,t,x) = g(u),t,x) for 
and p(w, t, : 

where 



x e D and g(u,t,x) = for x G E n \D. Then by lemma H3 we have w 3 G L p (fix (0, 1), P, ii*(R n )), 



v 3 (t,x) = J J T(t- s,x-y)g(s,y)dy dw s 
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By the usual trace theorem (see [9]), we get v 3 \qd t G L p (il x (0, 1),V,B P p (dD)). Hence, it is 
sufficient to show that 



E 



\v 3 (x,t) - v 3 (x, s)\ p 



c)D J J0<s<t<l (t — s) 



j- — dsdt da(x) < \\g\\ 



Lv((Q,l),V,H^~ 1 (D))- 



(7.1) 



Then, using real interpolation (see lemma 133)) . we complete the proof of lemma [5771 ( 2). 

2. The left-hand side of (|7.ip is bounded by the sum of the following quantities (up to a constant 
multiple) : 



Ji = E 



J 2 =E 



dsdtda{x) 1 



I Jo" /r>( r ( < ~ r ' x ~ ?/) ~ r ( s ~ r ' ^ ~ V))9(r, y)dydw r \ p 



dsdtda(x). 



idDJo Jo (t- s) l ^^^~p' 

Estimation of J\ By BDG's inequality, J\ is dominated by, up to a constant multiple, 



1 '■ t (r s \lDnt-r,x-y)g(r 1 y)dy\^dry. 



J 3D JO JO 



■dsdtda(x) 



(7.2) 



Note 



IdD ( L I Id T ^ ~ r ' x ~ y)9{r,y)dy\ 2 dr) da(x) 



< 



(7.3) 



1 v £ 
P i \ 2 



s \IdD\lD T ( t ^ r ^ x " y)9( r > y)dy\ p da(x)j " dr 
£ ( /.* (hoikn T(t -r,x- y)dy)V ■ J D T(t -r,x- y)\g{r, y)\ p dy da(x)) ? dr 
' r s (l D \9^y)\ p J dD T(t-r,x-y)da(x) dyV dr 



where | + y = 1. Note that for y 6 D there is a, x y € <9£> such that = \y — x y \, where 
5(y) = dist(y,8D). Since D is a bounded Lipschitz domain, there is ro > independent of x y such 
that \y — x\ ps S(y) + \x — x y \ for all \x — x y \ < r . We have 



I aD T {t-r,x-y)dG(x) 



IdD 
< f, 

~ J|a;— x y \<r 



\x'\ <r , 



(i-r)-f -e^ c 

(i — r) __ 2" • e~ 



dCT (^)+^-x !y |>, 



(f-r)" 



2 • e 



d<j{x) 



dx' + {t- r)~f • e" c ~ 



< (t-r)" 



< 



(*-r)" 



-.HjjT. 



J^e-^dy' + it-r)^ 



2 • e 



(7.4) 
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By (|7.4[) and the Holder inequality, the last term in (|7.3[) is bounded by, up to a constant multiple, 



\g(r,y)\ p (t-r)-2e- c ^-dy )"dr ) <(*-«) 



_ 1 _ S(y) 

\g(r,y)\ P (t-r) 2 e ° *-r dydr. 



(7.5) 



Hence, via Fubini's Theorem, (|7.2p is dominated by, up to a constant multiple, 



E 



10 JD 

-1 



1 r r 



< E 



E 



\g(r,y)\ p 



\~g(r,y)\ p 



(t a y 



f(fc-i)- 



3 1 _ c iM!, ,, 

— e «— r dsdt 



10 JD 
fl 



'0 ./£> 

■ i 



(t-r) 

1-r 



dydr 



^ . t -*(k-i)-l dt 



dydr 
dydr 



E 



<E 



s- p(k - 1) (y)\~g(r,y)\ p 



JD 



-ct. ti (k-l)-l dt 



dydr 



-p(fc-i) 



(y)\g(r,y)\ p dydr 



JD 



< E f 1 \\g(;r)\\ p k ! s dr 



; for the last inequality we used the assumption g £ and Lemma \7. 21 with 9 = k — 1. 

Estimation of J2 By BDG's inequality, J2 is dominated by, up to a constant multiple, 



" (So I /z?( r (* - r^g-jO - T(s -r,x- y))g(r, y)dy\ 2 dr)% 



3D JO JO 



dsdtda(x). (7-6) 



(*_ s )i+f<*-*) 

Define A := s, r, a;, y) = r(t — r,x — y) — T(s — r,x — y). If p > 2, using the Holder inequality 
twice, we get 

2(p-l) 



A-g{r,y)dy 



ID 



dr) < 



< 



\A\dy 



\A\dy 



\A\\g(r,y)\Pdy 



D 



dr 



(7.7) 



dr 



\A\\g(r,y)\Pdydr. 



JD 



Next, by changing variable from r to s — r and Lemma 17. 11 



v JD 



\A\dy 



dr = 



< 



\T(t - s + r,x - y) - T(r,x- y)\dy 
s Jd 

f Q dr, s < t — s 

S^dr + SU^f^dr, s>t-s 



dr 



s, s < t — s 



2(p-l) 



I t — s + (t — s) p- 2 ((t — s) p- 2 - s p- 2 ) s>t — s 
<(t~s) 



and 



A ■ g{r,y)dy 



ID 



dr) <(*-«)" 



\A\\g(r,y)\Pdydr. 



(7.8) 



JD 
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If p = 2, (|7.7[) with p = 2 and Lemma T7.ll immediately yields (|7.8p . Hence, (|7.6[) is dominated by, 
up to a constant multiple, 



E 



1 rt r rs 



IdDJO JO Uo JD 

< E [ f \g(r,y)\* 
Jo Jd 



\A(t, s, r, x, y) \\g(r, y)\ p dydr 



(t- s )-^ k - x) -idsdt da(x) 



(t-s)-!^" 1 )-! / \T(t,x-y) -T(s,x-y)\da(x) dsdt 

JdD 



dydr. 
(7.9) 



We estimate the boundary (dD) integral part: Since s < t, we have 



\T(t,x-y) -F(s,x-y)\da(x) 

dD 

^(—-7^)/ e-^da(x)+t-^ e 

S 2 n t2 n JQ D Jq D 

= Ki + K 2 . 



4t — g 4s 



'da(x) 



Applying (|7.4[) again 



= — n i „ / e 4s dcr(x) < 5 s 2 e 



f 2 n s2 n J dD 



t2 n 

s 2 e c ; ; < s < ±t, 
rl^ s )e-^, \t<s<t. 



For we consider two cases. If < s < if, using (|7.4p . we get 



K 2 <t~2 n I e ~da(x) < r^e' — 

dD 



For if < s < i, using the Mean Value Theorem, there is a r\ satisfying s < rj < t such that 



dD 47 7 



and this leads to 



"dcr(a;) 



,i(vr , _ 3 



(i- s ) e - c ^(t-i+%)^-5). 
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By these estimations, the bracket in (|7.9[) is bounded by, up to a constant multiple, 



l-r 



(fc-i)- 



(t 2 e c * +s =e c • )ds 



, 3 ., .n 5 



< 



(t-aJ-K*- 1 )-!^ 

t -|(fc-l)-l e -c^ +r f( fc - 1 )-|. (5(y) 



f/f 



2S(«) 2 



s 2 e 



d* 



; for the inequality we used the assumption k < 1 H — . It is easy to see that the terms L\ and L3 
are dominated by S(y)^ p ^ 1 \ This is also true for L2; if 2«5(j/) 2 > (1 — r), then 25(y) 2 > t and 



el— r poo r l ~ r 

L 2 < S(y) I t~i ( fe -^-f / s-le- cs dsdi < <%) / t~ * C^ 1 )"! e" c ^ <ft < J^)"^" 1 ). 



If 2<5(y) 2 < 1 - r, 



£ 2 <<%) / rSC- 1 )-! 





/•25(y) 2 

Jo 



•■ e * dt ■ 



l-r 



2<%) 2 



After all, (|7.9j) (hence J2) is bounded by, up to a constant multiple, 



E 



S(y)-P( k -^\g(r,y)\dydr<E / \\g(; rW ' n dr 



JD 



; we used the assumption g £ 1 (-D) and Lemma [721 
3. The step 2 implies (|7.1[) . The lemma is proved. 



□ 
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